Micromechanics (Prof. Dr. Edoardo Milana, Prof. Dr. Lars Pastewka) exercise sheet 0 Winter term 2024/25

Exercise 0: Review of basic concepts
14.10.2024

This is just a short test of some basic concepts which are relevant for the course. It will not be graded.
Any problems in solving these exercises will be discussed in the first tutorial. Be prepared to ask your questions!

SELF-EVALUATION: (1-10). After finishing this exercise sheet, please grade your knowledge/confidence
on a scale of 1-10, where 1 means you have no idea what is going on, and 10 means that it was super easy!

QUESTION T ... e 0 points
Consider the vectors @ and b, and the matrix C:
ay - by Cn Ci2 Cis
a= as |, b= b2 s and C = 021 022 023
as bs C31 O3 Cs3

, the dot product @ - 5 and the cross product @ x bl

lal = \/ai + a3 + a3

a- E: a1b1 + asby + asbs

(a) Compute the Euclidean norm |@

Solution:

N a2b3 — a3b2
axb= —a1b3+a3b1
(11b2 — Cbgbl

(b) Use the Einstein summation convention to evaluate the following expressions!

a; bz (1)
Cijb; (2)
o ()

What is the meaning of these operations? Hint: For example, /a;a; is the Euclidean norm of @ and the matrix
C = Cjj where C; := Cj;.

Solution:

a;b; = a1by + asby + asbs  (dot product)
C11b1 + Cr2b2 + Ci3bs
Cijbj = | C1b1 + Cooby + Cazbs (matrix—vector pl’OdUCt)
C31b1 + C33by + C33b3

Cn Can O3
Cji=|Ciz Cyp (s (matrix transposition)
Ciz Caz Cs3

(c) Consider the bar shown below. Calculate the resulting force in  and y, as well as the moment about point A!

y F¢
%T—»x ) 431:\1 »
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Solution:
y Fi
T—»X F Vi
Rax \M, o= 45’?\H/}{
<4 F
\2 £ 7t ||%e
RA) E

Note that cos(45°) = sin(45°) = v2/a.

2
—Ra; + %F —2F =0 (equilibrium in z-direction)

— Ru; = (g —2)F

2
—Ray — \/7_ F — F =0 (equilibrium in y-direction)

— RAy = (—? — 1>F

3 3
—My — iF ?— —F {— F— E =0 (equilibrium of rotation around z about A)

3V2

— MA—FK———I)

OUESTION 2. . .. 0 points
Consider the following functions

fla,y,2) = zy + exp ((x2 + yz)Z)
g (z(t),y(t)) = 2* —y*
u(z) = zexp(x)

. zy
hz,y,z) = | 2°

(a) Compute the following derivatives!

of of 9f dg du

o’ Oy’ 0z’ dt’ dw

Remember the difference between partial and total differentiation, as well as the chain rule and the product rule.
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Solution:
% =y + 2wzexp ((3:2 4 y2)z)
% =z + 2yzexp ((3:2 + y2)z)
%ﬁ = (¢® +y*) exp ((062 + yQ)Z)
R
j;‘ — exp(x) + = exp(x)

(b) Compute the following divergence, gradient and rotation!

divﬁ:V-E, gradf =V f roth=V x h
Remember: V = (9/dz,0/0y,0/0%)

Solution:

8

(2% +9?) exp ((=* +9%)2)

Y

y + 2zzexp ((z2 + y?)2)
grad f = [ =+ 2yzexp ((2% + y?)z)
(Qy — 2z

(c) Compute the Taylor expansion of p(x) around the point 2y = 1, up to the second order!

Solution: Let p(z¢) and p”(z¢) be the first and second derivatives, respectively, of p(z) at z = (. Then

p(e) ~ plao) + L (@ — ) + LU0 (0 )2 4 O((2 - w0)?).

We have

P (z) = ag(;) = —2(3— 1) + 4(z — 2)%,

p'(1) = -8,

(z) = a;’;(f) =2+12(z - 2)?,

(1) = 14,
therefore

p(x) =5 —8(x— 1)+ 7(z — 1)% + O((z — 1)3).
Question 3

........................................................................................ 0 points
Compute eigenvalues and eigenvectors of the following matrices:
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10

Solution: Since this matrix is diagonal, eigenvalues are 1 and 2 with eigenvectors (1, 0) and (0, 1).

702

Solution: The eigenvalues are given by the characteristic polynomial:

(@)

det<7g)‘ 33)\>(7x\)(3/\)12910/\+/\20 ©

The eigenvectors given by A = 5 & /25 — 9 or A\; = 1 and Ay = 9. The eigenvectors are now obtained from
the null-space of
6 2 =2 2
(6 2) and < 6 —6) (7)
which are 7 = (1, —3) and v, = (1,1).

S IOML . .. e e e 0 points
p

(a) Compute the following integral using integration by parts!

/ xsin(x) dx
Solution: Recall

/udvzuv—/vdu.

Let u = z and dv = sin(x), then v = — cos(x), du = 1, and the integral becomes

—x cos(z) + /cos(x) dz = —x cos(z) + sin(z). (8)

(b) Compute the following integral using integration by substitution!

/01 z2 sin (a:s — 4) dz

Solution: Substitute y = (23 — 4). Then dz = 315 dy and f;jol(. ) dz — ;::__43(. .. ) dy. The integral
becomes

1 1 1
/ S sin(y) dy = —5 cos(—3) + 5 cos(—4) = 0.112.
4 3 3 3
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(c) Compute the following multidimensional integrals!

2m ™
0 :/ d<p/ sin(6)r? do
0 0

27 ™ R
Vv :/ dcp/ d9/ sin(0)r? dr
0 0 0

Note that O and V are the surface area and volume of a sphere with radius R, respectively.

27 u
O :/ dgp/ sin(0)r? do
0 0

= 271'7’2/ sin(f) d9
0
= 2712 cos(0)|F

= 4712

27 ™ R
V:/ d(p/ d9/ sin(0)r? dr
0 0 0
T R
=27r/ sin(6) dﬂ/ r2dr
0 0

2 s
= TpRs / sin(6) do
3 0

_47T
3

Solution:

R3

—x
(d) Use the divergence theorem (Gauss’ theorem) to compute the surface integral of I= 3y? | over the surface

2
/ I-ds,
oV

z
where OV = {(z,y,z) € R : 2® + y*> + 2> = 1}. Hint: First use Gauss theorem, [}, F.dS = I div F AV, to
turn the surface integral into a volume integral. For the evaluation of the volume integral it is useful to switch to
spherical coordinates, i.e.

OV of the unit sphere, i.e.

x = rsin(f) cos(p) z
y = rsin(0) sin(p)
z = rcos(0)
dz dydz = r?sin(0) dr df dp p r i
SN i d
Please don’t forget about self-evaluation after finishing the test! N i
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Solution: We can use Gauss’ theorem to transform the integral over the surface into an integral over the

volume,
/ I-dS = / div(I)dV.
1% v

A _0(=z)  0(3y*)  0(z?)
ox dy 0z
= —14 6y + 2z.

The divergence of Tis

The integral becomes

/div(f)dV:/ (=1 + 6y + 2z)dV,
1% %

4
:—f7r+/ 6de+/ 2zdV.
3 v 1%

Keep in mind that we consider the unit sphere, therefore fv 1dV = %ﬂ. In the following, we discuss the

remaining integrals separately. Let A = fV 6ydV and B = fv 2zdV. We introduce spherical coordinates,
as specified above, so dV — r?sin(0)drdfdy, with r € [0,1], 0 € [0, $] and ¢ € [0, 27]. The first integral

becomes
2w 1
A= / / / 6 sin(p) sin?(0)r>drdfdye
o Jo Jo

27 T 1
= 6/ sin(go)/ Sin2(0)/ r3drdfdy
0 0 0

27 e
- ;/ Sin((p)/ sin®(0)dfdy  (integrate out r)
0 0
3|1 . w 2 . .
=5 (6 — sin(6) cos(6)) sin(p)dy (integrate out 6)
0Jo
3 2m
=" /O sin()de
3 27
= 7 [ cos(@)] I3
=0.

The second integral becomes

27 ™ 1
B= / / / 2 cos(#) sin(0)r3drdfdy
o Jo Jo
27 ™ 1
= 2/ / cos(6) sin(@)/ r3drdfdy
o Jo 0

7r/ cos(f) sin(0)df (integrate out ¢ and r)
0

s

o[-Lewio]

0.

0

Thus, the solution is

/ div(D)dV = 4
v 3



