Micromechanics (Prof. Edoardo Milana, Prof. Lars Pastewka) exercise sheet 2 Winter term 2024/25

Exercise 2: Basic structural mechanics
25.10.2024 - 01.11.2024

This exercise deals with elementary concepts in structural mechanics. Below is a short reminder of common
supports and joint types, which may be useful in this context.

some common support types and their reaction forces

roller support (verschiebliches Auflager)
[ O | [ |

1

pinned support (festes Auflager)
[ O | [ —> |

)

fixed support (Einspannung)
] —>») ]

4

some common joint types and the forces/moments they transmit

hinge joint
0 \omentengelenk) |:|¢—> <—f\:|

| | shear hinge joint :}_» ‘_CCI
(Querkraftgelenk)
N normal hinge joint
(S — (Normalkraftgelenk) :ID G
pendulum rod
o—] .. O —> <O
(Pendelstiitze)

Recall that a 2D structure is statically determinate if
3n—(r+wv)=0,

where n is the number of bodies, r the number of reaction forces or moments of the supports, and v the number of
forces or moments transmitted at links. If this sum is greater than zero, then the system has unconstrained degrees

of freedom, i.e. it can move. If the sum is less than zero, then the system is statically indeterminate. Keep in mind
degenerate cases, which were discussed in class!
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OUESTION 1 ... e e
Are the following systems statically determinate? Which of these are over- or underconstrained?

® Je ® be
A A
© v @ V'
A AN

Solution:

@n=1Lr=5v=0 3x1—(5+0)=—2 = overconstrained
b)) n=1r=3,v=0 3x1—(3+0)=0 = statically determinate
c)n=1r=4v=0 3x1—(4+0)=—-1 = overconstrained
dn=1r=2v=0 3x1—(2+0)=1 = underconstrained
OUESTION 2 . . e

For the structure below, calculate the reaction forces, as well as the internal forces and moments. Note that the
positive y-direction points out of the plane of the paper.

—
A
Z

a/2 a/2

Solution: n=1,7=3,vu=0, 3x1—(34+0)=0 = the structure is statically determinate. We will require
equilibrium of the whole structure to determine the reaction forces:

2
&0
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— R1m+§F:0 :>R1m:7§F
1 1
T Rlz_§F+R2z:0 :>Rlz:§F_R2z
al 1
1
— RlZ:ZF

We will cut the bar left of the point where F' is applied and require equilibrium for this section to determine the

internal forces and moment there:
Rl\,—)F*—}N(X) } M(x)
R, Q(x)

e

X

3
— Ry, + N(z)=0 :>N(aj):_R1$:§F

| RL-QW=0  — QW)= R - iF
@ _Rlzx+M($):0:>M(]}):Rlzx:%F

We will cut the bar right of the point where F' is applied and require equilibrium for this section to determine the

internal forces and moment there:
F
RI\—>@N(><) } M(x)
R, Q(x)

fe———>
X
— R12+§F+N(I):O :>N(x):lezf§F:§Ff§F:0
t Ri-3F-Q@)=0 Q)= Ri - LF——1F
1 a 1 a 1
@ —R1Zx+§F<x—§)+M(x):O:>M(x)lezx—iF(x—i) :—Z(x—a)F

Note that M (z = a) = 0, as we would expect.

OUESTION B3 .. e
Check whether the following systems are statically determinate! Note that they contain hinges.
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(@) o) = ®) | 1y

/77

Solution:
(@n=2r=4v=2 3x2—(4+2)=0 = statically determinate
(b) n=2,r=4,v=2 3x2—(4+2)=0 = statically determinate

() n=3,r=4v=4 3x3—(4+4) =1 — underconstrained
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OUESTION 4 . .

For the two problems below you should (i) check whether they are statically determinate, and (ii) calculate the reaction
forces at the supports. Use the indicated coordinate system (blue)! Note that the positive y-direction points out of
the plane of the paper. Hint: problem (b) is slightly more complicated than (a) because here the structure consists of
two bars, not one. Cut the structure at the hinge G, and write the equilibrium conditions for the bars A-G and B-G
separately. Don’t forget the two forces that are transmitted at the hinge when you make the cut! You can afterwards
check your solution by considering the equilibrium conditions for the complete structure.

@) 2a F, )

l—»x 2a

>

Solution:

a) Reference: this exercise was adapted from: Gross, Ehlers, Wriggers, Schroder, Miiller, Formeln und Aufgaben zur
technischen Mechanik 1, 12th edition, Springer Verlag (page 57).

n=1r=3v=0, 3x1—(34+0)=0 = statically determinate. We will require equilibrium of the whole
structure to determine the reaction forces. Note that the line of action of F; goes through bearing A. Moreover,
keep in mind that cos(45°) = sin(45°) = 1/+/2.
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() 2a _ F,

l—»x 2a

F—y a5

A { A—>$
a Az
B / }
BL
@ 2aB, —2aFy, =0 = B=F
1 1
T AZ—FB—ng:O :>AZ:F27—F1

V2

V2

1 1
— AI+F1—F27=0:>A$=F27—F1

V2

V2

b) Reference: this exercise was adapted from: Gross, Hauger, Schroder, Wall, Technische Mechanik 1, 13th edition,

Springer Verlag (page 138).

n=2r=4v=2 3x2—(4+4+2)=0 = the structure is statically determinate. We will cut the structure

at the hinge and require equilibrium for each of the two bars.
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v

(b)
A\_)l f\X:) I
T
G,
¢(—G\
F,
B,
B7.
First, consider the horizontal bar.
3
@ 20G. ~3aFy =0 = G. =R,
1
@ —204; —aFy =0= A, =~ Fy,
— A, +G,=0.
For the other bar, we find
1 1
@ —CLFQ—2(1GZ+2CLGZ=O:>GZ:§FQ+GZZ§(3F1+F2)
1

1 3
@ 20B, ~20B; +aF; =0 = B: =R+ B. = Fh+F.

OUESTIOML 5 . . e
Sketched below is a GERBER girder. Check that the problem is statically determinate, calculate the reaction forces and
finally calculate the internal forces and moments. Use the indicated coordinate system (blue)! Note that the positive
y-direction points out of the plane of the paper. Hint: like in question 4(b) you can determine all reaction forces only
if you consider equilibrium conditions separately for the two bars.
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Solution: n = 2,7 =4,v =2, 3x2—(4+4+2) =0 = the structure is statically determinate. We will cut

the girder at the hinge and require equilibrium for each of the two bars. Keep in mind that sin(30°) = 1/2 and

cos(30°) = v/3/2.

F
o, F
i ,‘, _ -
a/2 a/2 a b b
F
¢ F
A=l . @] — ]
T T 1

< >
/m

A= ; *»G\
1} 1 |

A

=3
o
o

Z Z

@)

Let us start with the bar on the right, because there is only one reaction force.

3 3
S —Gz—i—gF:O,:Gz:gF,
@ —Gb+Chb=0=C, =G,

1 1
T Gz—§F+Cz=0:>CZ=GZ:1F.

Here @ indicates the moment about the point where F' is applied.

For the left bar we find
3
S Ay +Ga=0 :>Ax:—G$:—§F
1
@ fF%+Bza7G22a:0:>BZ:§F+GZ2:F,

T AZ_F+BZ_Gz:0 :>AZ:F—BZ—|—Gz:iF,

We can check this solution by requiring equilibrium of the whole structure:

= Az+?F:0 —>§F—§F:O OK!

1 1 1 1
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Now we can determine the internal forces. We need to make five cuts. It is convenient to consider the right side of

the cut in case of the right bar.

F
,L 307, F
X o @] \
z
a/2 a/2 a b b
section 1
1
A~ N.(x)  JTM(X)
S
Q,(x)
.

F
¢ section 2

A—[ No(x) ) M,(X)
T S
A, Q,(x)
_
X
F
¢ section 3
[
A= NaXIL VLX)
1 1 -
X
A B, Qs(x)
= >
Q4(x)
»
M, X[ N,‘(XH—% ]
\ section 4 T
C,
X > §(a+b)-§
QS(X) F
»
ML) M — |
\ section 5 T
C,
X > 2(a+b)-x g
By requiring equilibrium for section 1, we get
3

A, —Qi(x) =0 :>Q1(x):AZ:ZIIF,
1

%
T
O — Az + M(z) =0= Mi(z) =A.x 1

I
[
!
8

S1
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Here @ indicates that we take the moment about the point of the cut.

In section 2

= Na(2)+4:=0 :>N2(:L“)=—Ax:§F,
3
T A -F=0 = Qo(z) = 4, —F = —7F,
1 1 3 1
@ —Azl‘—f—F $—2a>+M2(Z‘):O:>M2(g;):Azx_F(x_2a>:_4Fx_|_2Fa
In section 3
- N3(@z)+A4,=0 :>N3(x):—Az:§F,
1
T A-Qs(@) - F+B:=0 = Qa(z) = A, —F + B.= F
@ AzCCJrF(Z;a)BZ(za)Jng(x)O
1 1 1
= Ms(z)=Ax—F (I 2a> +B.(x—a)= ZF;Ef QFa'
Note that the moment goes to zero at the hinge where x = 2a.
In section 4
— Ny(z) =0,
1
T C. + Qua(z) = :>Q4(x):_CZZ_ZF’
1
O (2(a-+b) —2) = My(@) =0 = Ma(z) = 7F (2a+1) — ).
In section 5
— —Ns(x)+§F:O = N(z) = ?F,
1 1
) Q5($)*§F+Cz:() :>Q5(x):ZF’

1
@ — M(2) - 5F (2a+b—2) + C: (2a+b) —2) =0
1 1
— Ms(z) = —§Fa+ ZF&:

Note that the internal forces in section 3 match those in section 5 at the position of the hinge (z = 2a).



